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VII. Problems concerning Interpolations. By Edward 
Waring, M. D. F. R. S. and of the In/litute of Bononia, 
Lucafian Profejfor of Mathematics in the Univerjity of 
Cambridge. 


Read Jan. 9, TV /T R. briggs was the firft perfon, I believe, 
>779* XVX that invented a method of differences 
for interpolating logarithms at fmall intervals from each 
other: his principles were followed by Reginald and 
movton in France. Sir Isaac newton, from the fame 
principles, difcovered a general and elegant folution of 
the abovementioned problem: perhaps a frill more ele¬ 
gant one on fome accounts has been fince difcovered by 
Meff. Nichole and Stirling. In the following theorems 
the fame problem is refolved and rendered fbmewhat 
more general, without having any recourfe to finding the 
fucceffive differences. 

THEOREM I. 

Afiume an equation a+bx+cx'+dx* . . , . x n ~ 1 -y % 
in which the co-efficients a, b, c, d, e, &c, are invariable; 

I a let 
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6o Dr. waring on Interpolations. 

let «, 0, y, <$“, s, See. denote n values of the unknown 
quantity x , whofe correfpondent values of y let be re- 
prefented by s“, s' 3 -, s y , s 3 , &> &c. Then will the equa- 
txon a * bx+c x* + d x* ± e x 4 . . . x n ~ l = 

x- fixx-yx*;-_&C. x &c. « 

*— 0X*— vX«—JX«—• x &c. g— a xfl— yX#— &X8—t X, &c. * 

A 1 — jSX^ — ^XA’ — ^X &C. CCXX — &XX — yXA — «X &c. > 

’ y~*Xy- 0 Xy-hy-jX&C. $ —<*x $ — 0 X $ —yX $-*X &c. 

+Si^iSiSii£x s, + &c. 


0 E M O N S T R A T I Q N.. 


Write # for a? in the equation y =* 


. - --- ■ - ^ S_ a 4 - 

«-(3X«- y X<*-*Xa-.X &c. 


Xr-K.y. x — yX X—. frx :X — i X &C. £ 

g~axg-y,x.8-$x0^-<ix 8tc,* S + 


8cc.; and all the terms but the firft in the refulting equa¬ 
tion will vaniih, for each of them contains in its nume¬ 


rator a fa&or #-a=a-.#:=0; and the equation will be- 
comx &*-=$*. In the fame 

^ »-PX«-yXa-fX«-iX&C, 

manner, by writing j@, y, ^ e, 8cc. fucceffively for a; in 
the given equation it may be proved, that when x is 
equal to /3, y, f, 8cc. then will y become refpe&ively 
s®, s y , s J , s*, which was to be demonftrated. 


2 . Aflume y-ax r +bx r + s +cx r + 21 +dx r +3 s ... x rJ f~ u \ 
and when x becomes «, (3, y, <J“, f, 8cc. let y become re- 

fpedtively 
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{podavelj s*, s 13 , s?,, s* s.‘, &c.; then will y - 

yXX 3 — i J Xr- / X &C. 

H ■ ■ _ -■ - ,---- - ---- - -- X g °* 

•*x V*— > x « — ^ x « J — */ x &c. 

tf r, X X s — ** X **— y* X X s — y X tf X — » J x &c. o 

0*»&-» l x-0’-r t x0 i -i , K0‘- i s x’&c. 


+ x s r+ &C- 

y T Vi> — «' XY 1 —0'xy‘ — S‘ Xy'— •* X &C. 

This may be demonftrated in the fame manner as- 
the preceding theorem, by writing & y, s , 8cc. fuc- 
cefiively for x. 


PROBLEM. 

Let there be n values a, j 8,Yrfe> & c * of the quantity x it 
to which the n values s*, sr, s*, s‘, &c. of the quan¬ 
tity y correfpond.; fuppofe thefe quantities to be found 
by any function X of the quantity x% let n, cr, r, 8cc. 
be values of the quantities x, to which s*, sq s°y s T , See. 
values of the quantity y correfpond: for x fubftitute its 
abovementionedvaluesTr, £,<r, t, &c. in the function X, 
and:let the quantities refulting be s* y s< y s a , s r , &c. not 
equal to the preceding' s’ 1 , s*, s' 7- , s 1 , See. refpe&ively; to 
find a quantity which added to the fundtion X fhall not 
only give the true values of the quantity/ correfponding 
to the values #, ft y, $, e, See. of the quantity x, but alfo 

cor- 
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correfponding to the values tf, f, <r, r, &c. of the above- 
mentioned quantity x. 

Aflume {*—&"—?*) jr«-s«=Tf, j'-s'st', j , ’’-s r = T T , 
8cc.; then the errors of the function X will be reflec¬ 
tively T’ r , t«, T r f T r , 8cc.; and the correcting quantity 
fought may be 


X — xXx — 0 X x — y X x — i X X— ■ X &C. 
ir-aXw—(?x«r—yXsr —*x«r—<X &C. 

x—ccxx — 0XX— yX* — $Xx— ■ X See. 
( -ix f —/3 x (—y x i x f—• x See. 


x—xXx—&Xx—yXX—&XX— . X &C. 

t -„xr-l 3 X <r—y X x — ^X r—• X See. 


T —etXT— @X T —y X T — Jx T— « X See. 


+ &C. 


*- { x*-»x*-«x See. 

garr js 1 ■ " ■ maaaa 1 —■» ■ 

5 r-gX*r-ffXff-rX &C. 

X — *XX~<rXx—rX &CC . 

e-ffX Xf-rx &c. 

^7xy~|Xjy-TX &c. 

tr-?rX <r— f X cr — T x &C. 

Jf-TXx-fX^Tx&C. 
x - TX “ xr-<r X &C. 


x T* 
X T* 
x T r 


Aliter. 


Let x — x x x — fi xx — yxx — fix x— $x &c. x a; — 7t 

X X—gX X—OX X—TX 8CC. = N y «•—«X7r—jSx7T—yx7T—(J'xa-—e 

x8cc.x7ir— fjxn— vx7r-Tx8cc.=n; j-ax^-jSxj-yxf-fx 
^—5x &c. xe-nxg—axf—Tx 8tc. = P; cr-ctxo— @xij—yx 
or— $ xo — £X 8cc. X V—7TX0— gxff— TX &C. =2> T—«XT—jSx 

t— y x t—<J x t-£ x 8cc.x t— ft xr—^x r-vx 8cc.=T,8cc.; then 

( t t t? 

—-^=4-— x 

rpT 

+ = + 8cc.). 


XXx-<r Txx-r 


This 
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This problem may be„demonftrated in the fame man¬ 
ner as the preceding theorems, by writing for x in the 
correcting quantity fucceflively its values it, f, cr, t, 8cc. 
2. For the correcting quantity fought may be aflumed 


the quantity 


X* — a* X X* — X x* — y* XX* — X &c. X X r X x*— £ X A* 1 —- ? 

w — *'x 1 r , -| 3 , x — yx *—i*X &C. X* X v—^'x — a 


x X s — r X &c. ^ ^ X*— a s X X s — $ x X s — yX x* — X &c. X x r X x * — v 

X ir ~ r # X &C. ax §* - &' X z - yX X &C. x/x 9* 


£V-Vx^ -^£& C. ^ T?+ 

X j 1 — X &C. 

3. In general, let z be any quantity which is = or,. 
when at becomes either ot, & y,/<3*, e, 8cc.: let z become- 
fucceflively a, b, c, d, &c. when x becomes, it, ^, <r, r,, 
8cc. refpeCtively. When x either = a, r, 8cc, let n = 0 
but if x=ic, let II =/>: in the fame manner when x either 


= it, cr, r, 8cc. let P=o; but when x~g let P=r : and fimi- 
larly, let 2 = 0 when x is either it, g, t, &c.; but when 
x — cr let 2 = s: and likewife, when x is either it, (>, cr , See. , 
let T=o; but when x=t let T=t: See. then for the cor¬ 
recting quantity fought may be aflumed ^x ^x t w + 

Z P „ Z I ' Z T _ 

— X—xT*+—X —x T +—x — x T + &C> 


T H E- 
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THEOREM. 

Affume («) quantities at, /S, y, ( 5 1 , e, 8ec. then will the 
fum of all the (n) quantities of the following kind 


X*—yXa—ix«—iX &C. 0—«x&—yX&—Xx&—txScc. 

y" _ _ a" _ 

^Zx’r~-dxy~^x^Tx See.' «xi^xi—y x«—. x See. 

+ —..■".+ See. = a, if m be any whole 

«—«Xi—(SXi—yXf—Jx &c. 

number lefs than n - I; but if ni-n- 1, then will the 
above mentioned fum = i. In general, the fum of the 


n terms “ 


i3x«—yXa—|X»— I X &C. 

$ m (ay J&C. ays&C.+aJt&C.+yJi&C. 

y" «g. &g. -f «?»&rc. + gn &c. 4- &e.) 

y—a X »—(3 Xy—iXy—i &c. 

(affy &C. -f «J 3 > &C. + ay»&C. -f &C.) ■ 


t” (agy &C. + U 0 S&CC. + »y^&C. + gyi&c. + &c.) _ 

if w be lefs than #, and #z+r not equal to n— i, where r 
is equal to the number of letters contained in each of the 
contents above mentioned /SyJi 8cc. /6ye, &c. / 3 $e, 8cc. 
y^g, See. 8cc. 8ec. refpedtively: but if m+r-n-i, then 
will the above mentioned fum = ± i; it will be +1 if r 
be an even number, otherwife- i. 


4 


DEMON- 
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*5 


DEMONSTRATION. 


Suppofe a+bx + cot. z +dx i +ex 4 + Sec. = s“, 
a+b(3+c(3 z +d(3 i +e(3*+ Sec. = s $ , 

a+by+cy z +dy i + ey*+ 8tc. = s y , 
a + bS+c^+d^+e^+Sec. =s 3 ‘, 
a + bs + eg + de 3 + es 4 + &c. = s ! , multiply 
thefe equations into a, b, c, d, e, See. unknown co-effi¬ 
cients to be inveftigated, and there refult 

AxS*=Afl+Ak + Afa' + A 4 3 + A^ 4 + fe. 

B X a + B b(3 +BC(6 a + B^jS 3 + B^|S 4 +&;CV 

exs' y =c<s!+c^y+ccy a + c4/y 3 + c^y 4 +8cc. 
DXS J =Dtf+D£<5‘ + DC<3' 2 + D</<5' 3 H-D^+SiC^ 

E xS I =£Etf+ -E^g + Etfg* + EflTf 3 +E#6 4 + 8 cc. 8cc. &c. 
Now fuppofe as“+bs |3 + cs y + ds j + es s + See. =a+bx+cx 4 
+dx*+ex*+Sec. and the correfpondent parts refpeftively 
equal to each other; that is, « (a+b+c+d+e+ Sec.) = a ; 

£(A«+B,6+cy+D<J+Es+&:c,)-£#; A« a +BjS a +Cy 2 +D^ 1 

+ e s 4 + Sec. -x z, r a a 3 +b /3 3 + cy 3 + d^ + es 3 * Sec, =# 3 ; 
A« 4 +BjS 4 +cy 4 +D J‘ 4 +es 4 + 8cc. =a; 4 , &c..: But it follows 
from Theorem i. that (if as*+bs (3 +cs*+ ds j +es'+&:c.. 


r a+bx+cx z +dx i +ex*+ 8cc.)a = 


#■-— @XX— y X X-~$X X — tX&C. 

* ~ 0 X<t o ^7 X X «- iX &c. r 


K 


B=: 


VowLXIX, 
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Jf-£X&(*. * — a X — 0X X — } Xx —• X See 

W — ! —■ II . II .I ' - . -.I — — rj “ • -■ I... I.M I II I...... — - - ' --■■■ 

~ £— *x0-yX^-^X# — «x&c. 7-*Xy~^Xy-^Xy~iX&C. * 

x—aXX~0XX—yX X~eX &C. X — a X X — & X X — y X X — $ X &C. 

~$-axS-@x*—yx2— tX&c.* • — *xT— /3x t —yX t —Ix&c.* 

8ec.: fubftitute thefe values for a, b, c, d, e, 8cc. refpec- 
tively in the preceding equations (a+b + c + d + e + See. = i , 
A« + Bj6+Cy+Dj + E£ + 8cc. =X, Aot’’+ B/S* + C y 2 + D ^ 2 + 
££ 2 + 8£C. = ,V 2 , A* 3 +B/3 3 +C y 3 + D (J 3 + E £ 3 +&X. = AT 3 , &C.) 

and there refult the equations ( T )*~g x - v -r x *-*' x *- , * &c » 

a-0Xa-yX«“^X«-i^&C» 


X — at x >v — y X X $ X X —* 6 X &C. x — <xXx — (3xx~-$XX~ fX&C. 

@ — at x @ — y'X@ — $ xfi —«X&c. y~«Xy-^xy-^Xy-iX&e. •— 

/* \ x-&XX-y X X-Zxx-iX&C. ~ X-aXx-yXX-Xxx^X&C. 

v /^ X a .^ xa „ y x«-^X*~IX&C, px ^-*xfr-yxe-*x'(i-ix &C. 

A’ — a X * — — ^X* — *X&C. 


4*y x 


y -»X7“^Xy-^Xy-*X&c ( 


+ 8 cc. = a;; 


{ 3 K 


X *-gXAr->X*-^X v-«x& c . + ^ *-«X*-rX*-*X*-i X&c, 
*«_/3X«-rX*-*X“—*X&C. P ^-“X^-rX^^X^x&c. 


+ y 


2 


. r—«X*-gX* —frx* —«X&C. 

r—*Xr—#Xy —*Xr—* X&c. 


a s ; and in general, 


««x *~ f?x *~ yx • t ~* x *~‘ x&c • i ff»^ lj* X;> -rX*-*x*-.x&c. 
<*-#X«—rX“-*X«—*X&c. ^ e-»XS-7X0—iX 0-,x&c. 

, -^. ^X^ X^xTTtt&c. %„ J^x^ix^x^Tx&c. . 

' y-»Xy-0x?-#Xy-*x&c. J-«x*-0x*-yx*- *X&e. 

+ &c.=#’”, whatever may be the values of the quantities 
A? a, /?, y, <5, £, 8cc.: reduce all thefe fra<5tions into terms, 
proceeding according to the dimenfions of the quantity 
a, and it is evident, that the fum of all the fractions mul¬ 
tiplied 
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tiplied into any dimenlion of x not equal to m will be 
= o; but the fura of all the fractions multiplied into x m 
will be = 1: from this propofition the theorem is eafily 
deduced. 

I have invented and demonftrated from different prin¬ 
ciples to the preceding the firft part of this theorem, a 
particular cafe of which was publifhed by me many years 
ago. 

From this theorem may eafily be deduced feveral 
others of a limilar nature* 



K 2 



